Abstract. We work out the complete descent via 4-isogeny for a family of rational elliptic curves with a rational point of order 4; such a family is of the form y 2 + x y + a y = x 3 + a x 2 where √ −a ∈ Q × . In the process we exhibit the 4-isogeny and the isogenous curve, explicitly present the principal homogeneous spaces, and discuss examples by computing the rank.
Introduction
For each t ∈ Q × we have the rational elliptic curve (1.1) E t : v 2 = u 3 + t 2 + 2 u 2 + u where [4] (−1, t) = O.
This curve is studied in detail in [2] , where, among other things, it is shown that the torsion subgroup T of E t (Q) is completely classified as being either On the other hand, the rank of E t (Q) may be computed by a descent via twoisogeny coming from the rational point [2] (−1, t) = (0, 0) of order 2, as implemented in computer packages such as MAGMA [1] . Unfortunately, there may be a global obstruction in computing the rank due to nontrivial elements in the ShafarevichTate group, so one can only find a lower bound on the rank in general. In this exposition, I show how to compute the rank of E t (Q) by exploiting instead the rational point (−1, t) of order 4 i.e. I work out a descent via four-isogeny. The main result of this paper is the following: 
I mention that the article [4] outlines a similar algorithm using a 4-descent by considering a diagram such as (1.9)
(I have learned that Tom Womack is working on implementation of a similar algorithm for a future version of MAGMA.) The paper at hand may be considered a refinement of this algorithm, even though I present the algorithm for a limited family of elliptic curves possessing a 4-isogeny. I am motivated to implement such an algorithm by the search for elliptic curves E t with T ≃ Z/2Z × Z/8Z having "large" rank. In [2] , there is an elliptic curve with rank 3 corresponding to r = 15/76. Moreover, the author, along with Garikai Campbell, conjectured that if ( then E t (Q) will have rank at least 4. Randall Rathbun [5] has informed me that if we assume the validity of the conjectures of Birch and Swinnerton-Dyer then our conjecture is false; in fact the curves have rank not greater than 2. This is apparently because the Shafarevich-Tate groups in the sequence (1.11)
are quite large. Explicitly, for these five values of r we have #III(E ′ One can easily show that any rational elliptic curve with a rational point of order 4 is birationally equivalent to a curve in the form above for some a ∈ Q × . Indeed, see [7, Exercise 8.13(a) ] as well as [3, pg. 217] . The condition √ −a ∈ Q × is special to simplify the formulas to follow.
Proof. Starting with the curve v 2 = u 3 + t 2 + 2 u 2 + u, make the substitution
. Then E has the Weierstrass equation above. Following the ideas in [8] we produce an isogeny φ : E → E ′ such that the cyclic subgroup
is the kernel. We choose such a map that sends (x, y) → (X, Y ) in terms of (2.5)
The new curve E ′ has a rational point of order 4, but we choose the dual isogenŷ φ :
One checks thatφ • φ = [4] is the "multiplication-by-4" map on E, while φ •φ = [4] is the "multiplication-by-4" map on E ′ .
The Isogenous
Curve. The following proposition shows how the size of
(1) The following sequence is exact if and only if
(2) Both E(Q) and E ′ (Q) have the same rank.
Proof. The dual isogeny induces the exact sequence
We compute the first term in this sequence. From above,
is generated by P = (0, 0) and
One verifies that φ(P ) = O while φ([2]Q) = (−A, 0). Clearly Q ∈ E(Q) [4] , while [4] ) if and only if t 2 + 4 is a square. Second, the statement that isogenous elliptic curves have the same rank is wellknown: As E ′ (Q)/φ (E(Q)) is finite the rank of E ′ (Q) cannot be greater than the rank of E(Q). Similarly, E(Q)/φ (E ′ (Q)) is finite so we must have equality with the rank.
As for the torsion, it is easy to see that (0, 0) ∈ E ′ (Q) is a rational point of order 4. By Mazur's Theorem, either
or else the torsion subgroup is of the form Z/4 n Z for n = 1, 2, 3. We begin by showing that not all of the 2-torsion is rational. The points (X, Y ) of order 2 satisfy 2 Y + X + A = 0, so that
(−A, 0) is one rational point of order 2 corresponding to the linear factor, but the quadratic factor has discriminant −1 so that polynomial has no rational roots. Next we show that there are no rational points of order 3. Assume that (X, Y ) is such a point. One computes that the 3-division polynomial of E ′ is (2.13)
We make the substitution (2.14)
Note that X (X + 2 A) = 0 because otherwise (X, Y ) would be a point of order 4. Also, 3 X + 4 A = 0: if not, then (X, Y ) = (−4 A/3, −A β/9) in terms of a root of the quadratic β 2 + 3 β + 48 A. However, this quadratic has discriminant −3 (t 2 + 1) which is not a square, so (X, Y ) is not a rational point. Hence σ and τ are welldefined and nonzero. Solving for X and t transforms the 3-division polynomial as
so that (σ, τ ) is a rational point on the elliptic curve τ 2 = σ (σ+1) (σ−3). However, one checks that the only such (affine) rational points satisfy τ = 0, a contradiction.
Finally, we are in the case where we distinguish between Z/4 Z and Z/8 Z. Say that R = (X, Y ) is a rational point of order 8. Then [2] R is a point of order 4, so without loss of generality say [2] R = P . By considering the X-coordinates we have
In fact, make the substitution
The discriminant of the quadratic X 2 − √ A (X + A), namely γ 2 , must be a square since its roots are rational; hence γ ∈ Q × . Then the rational point of order 8 is
The converse is clear i.e. if [8] 
2.3. The Connecting Homomorphism. There is a natural bijection between the crossed homomorphisms H 1 Gal(Q/Q), E and W C (E/Q), the collection of equivalence classes of homogeneous spaces for E, usually called the Weil-Châtelet group. We will find it more convenient to work with the isogenous curve E ′ : The exact sequence
implies, through Galois cohomology, the exact sequence
via the connecting homomorphism δ E . We make such a homomorphism explicit by considering a generalization of the Weil pairing. 
is bilinear and non-degenerate on the left.
(4) The composition of these maps
relates the connecting homomorphisms by
In particular, we may identify
Proof. We follow the construction of the Weil pairing in [7, §8, pgs. 95 -99], but we make the formulas explicit. Consider the function f ∈ Q(E) defined as f (x, y) = x 2 − y. One checks that
so that the divisor of this function is div(f ) = 4 ((0, 0)) − 4(O). Similarly, we consider the function g ∈ Q(E ′ ) defined by
We define the pairing e φ :
The bilinear, alternating, non-degenerate, and Galois invariant properties follow from the arguments given in [7, §8, pgs. 95 -99]. In particular, one verifies that (2.30)
Consider the map b :
First we show it is well-defined. As shown above, x 2 − y = 0 if and only if (x, y) = (0, 0). On the other hand, we have by assumed bilinearity
Now we show that this map can be extended to the quotient. When (x, y) =φ(X, Y ) then x 2 − y is a fourth-power by (2.7) so that the map extends to a well-defined
The fact that b is a non-degenerate pairing follows from the same arguments as with the Weil pairing above.
Fix d ∈ Q × , and consider the map ξ :
The map ξ is a 1-cocycle, so has a cohomology class {ξ} ∈
Identify translation by this point with the Galois action i.
4 we find the well-known Kummer sequence
of Gal(Q/Q)-modules, so from Galois cohomology we find the exact sequence (2.34)
where δ Q : d → {ξ}. Hilbert's Theorem 90 states the last term is trivial; hence the third part of the proposition holds.
To show the fourth part of the proposition, fix P ∈ E(Q), choose P ′ ∈ E ′ (Q) satisfying P =φ(P ′ ), and denote ξ = δ E (P ). For any σ ∈ Gal(Q/Q) we have
where we have identified (1) The composite map
(2) There is an isomorphism θ :
Proof. We construct a homogeneous space corresponding the cohomology class {ξ} ∈ H 1 Gal(Q/Q), E ′ [φ] following the exposition in [7, §3, pgs. 287 -296].
Fix d ∈ Q × , and consider the functions z, w ∈ Q(E ′ ) defined implicitly by
and
where
It is easy to check that the point (z, w) is on C ′ d as defined above. We show these functions are Galois invariant. To this end, choose σ ∈ Gal(Q/Q), and say that σ(
For any integer n we have
where T ′ = [n] ξ σ and T = (0, 0). It follows from Proposition 2.3 that e φ (T ′ , T ) = (−1) mn/2 . Hence the equations defining z and w are Galois invariant, so that z and w themselves are Galois invariant.
This defines a map
The inverse map θ :
One checks using the formulas in (2.7) that the composition
2.5. Selmer and Shafarevich-Tate Groups. Combining the exact sequences introduced above, we have the exact diagram (2.43)
where the Selmer and Shafarevich-Tate groups are defined as (2.44)
taking the product over all places ν of Q. One can compute the rank of E(Q) with the explicit map in Proposition 2. 
Proof. We may identify the Selmer group with a subgroup of Q/(Q × ) 4 by the isomorphism in Proposition 2.3. The subgroup 
Proof. The curves E t and E ′ t are related to E and E ′ by the transformation (2.50)
The first statement follows from Proposition 2.1. The image of δ in the second statement follows from Proposition 2.3, Proposition 2.4, and the congruence (2.51)
while the image of the second map follows from Proposition 2.4. The third statement follows from Proposition 2.4 where we write the map ψ ′ in terms of u and v rather than x and y. From the identity
we find the congruence u 2 + 2 (t 2 + 1)
Descent via Two-Isogeny
The descent algorithm associated to the rational point of order 4 described in the previous section can be refined to exploit the 2-isogeny coming from the doubling of this point.
3.1. The 2-Isogenies. We begin by factoring the 4-isogeny.
Proposition 3.1. Let φ : E → E ′ as in Proposition 2.1, and denote the curve
There exist rational 2-isogenies ϕ : E → E ′′ and η :
Proof. The isogeny φ and the "multiplication-by-2" map on E induce the following exact diagram:
We will construct isogenies ϕ : E → E ′′ and η : E ′ → E ′′ with kernels
To this end, assume without loss of generality that E = E t and E ′ = E ′ t as in Theorem 2.6, where now (u, v) = (0, 0) and (U, V ) = (0, 0) are the rational points of order 2. Following the exposition in [7] , we define the isogenies
with dual isogenies
One checks thatφ
are the "multiplication-by-2" maps on E, and E ′ , respectively. Moreover, one checks that φ =η • ϕ andφ =φ • η. 
The first (nontrivial) row in the diagram above comes from the explicit relation
while the second and fourth rows are related to a descent via 2-isogeny. We recall the main results for the latter: (1) There is an exact sequence Theorem 2.6 factors as the composition
where η * and ψ ′′ are the maps sending
In the Proposition above we identify, as in Proposition 2.5, the Selmer and Shafarevich-Tate groups as (3.12)
Hence by the canonical exact sequence
Proof. The first statement follows from Proposition 3.1 and the results from [7] , so we focus on the second statement. Consider the diagram (3.14)
where θ is the isomorphism in (2.42) and ϑ is the isomorphism that sends
which has the inverse
Define the map η * :
This gives the composition
Moreover, one checks that η * maps (z, w) as above.
3.3.
Modified Descent via 4-Isogeny. We present an effective version of the four-descent by using the two-descent. This is the main result of the paper. 
(1) There are isogenies φ : E t → E ′ t of degree 4 with kernel generated by (−1, t), and ϕ : E t → E ′′ t of degree 2 generated by [2] (−1, t) = (0, 0). 
where we have the connecting homomorphisms
while the maps into the Shafarevich-Tate groups send d → {C
(3) The composition
in terms of the maps η and ψ ′′ sending
Note that we abuse notation and write η instead of η * .
Proof. This follows directly from Theorem 2.6 and Proposition 3.2.
Examples
In this section we assume that the elliptic curve E and its 4-isogenous curve E 
We consider the diagram in (3.6) in detail.
Performing a 2-descent with mwrank (recall that η : E ′ → E ′′ andφ : E ′′ → E are 2-isogenies) one computes the quantities (4.2)
Considering the diagram in (3.6) we see that
Using Theorem 2.6, we may compute generators explicitly by exploiting the homogeneous spaces. The curves E and E ′ both have conductor 2 4 · 17 so that they have good reduction away from Σ = {2, 17, ∞}. The homogeneous spaces of interest are of the form ∈ E(Q).
Hence S (φ) (E ′ /Q) ≃ {±1, ±4}. A brief search shows that (−1/2, −3/4) ∈ E ′ (Q). In fact, one checks that This shows that (4.7) E(Q) We consider Proposition 2.2 in more detail because t + √ t 2 + 4 is rational. Performing a 2-descent with mwrank one computes the quantities (4.9) 
